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Abstract. In this paper, we find a two-parameter family of coupled Painleve systems 

(2) 

in dimension four with affine Weyl group symmetry of type . We also find a four- 

(2) 

parameter family of 2-coupled D 3 -systems in dimension eight with affine Weyl group 

(2) 

symmetry of type D 5 . We show that for each system, we give its symmetry and holo- 
morphy conditions, respectively. These symmetries, holomorphy conditions and invariant 
divisors are new. 

1. Introduction 

In [H HI E] , we presented some types of coupled Painleve systems with various affine 
Weyl group symmetries. In this paper, we find a 2-parameter family of coupled Painleve 

(2) 

systems in dimension four with affine Weyl group symmetry of type D% explicitly given 
by 

/ x \ dqi _ dH D^ dpt _ 9H pW dq 2 _ dH p^ dp 2 _ dH D g> 

dt dpi ' dt dqi ' dt dp 2 ' dt dq 2 

with the polynomial Hamiltonian 

H n (2) (qi,pi,q 2 ,P2,t;a ,ai) 

(2) = 2H H (q uPl ,t; a ) + H?f°(q 2 ,p 2 ; a x ) + 4 Pl p 2 - 2q x q 2 p 2 

= 2{q{pi + p\ + tpi + a ?i) + qjp2 - 1p\ + oaq 2 + 4pip 2 - 2q ± q 2 p 2 . 

Here qi,Pi,q 2 and p 2 denote unknown complex variables, and a ,ai,a 2 are complex pa- 
rameters satisfying the relation: 

I 

(3) a + «i + a 2 = -- 

The symbols Hu and Hff to denote 

H n (x, y, t] a ) =x 2 y + y 2 + ty + a x 
(4) 

Hff(z, w; a x ) =z 2 w - 2w 2 + a x z, 

where Hu denotes the second Painleve Hamiltonian, and Hff to denotes an autonomous 
version of the second Painleve Hamiltonian. Of course, the system with the Hamiltonian 
ffauto jt se if as its first integral. 

• VI "/ \ I 1 1 ( 1 i 1 , \ I ■ I iV/ lAT 1-^ >n ! I -O fl M \/l i'l-.'f/HHi , 1 [■ fl'l T f 



' (2) 

This is the first example which gave higher order Painleve type systems of type D% . 
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We remark that for this system we tried to seek its first integrals of polynomial type 
with respect to q±,Pi,q2,P2- However, we can not find. Of course, the Hamiltonian Hp.) 
is not the first integral. 

We also find a 4-parameter family of 2-coupled D 3 -systems in dimension eight with 

(2) 

afline Weyl group symmetry of type D b explicitly given by 

(5) dqi - 9Hd ? ) dpi dq 4 _ dH p^ dp A _ dH pV 
dt dpi dt dqi ' ' dt dp 4 ' dt dq 4 

with the polynomial Hamiltonian 

H D (2) =H D (2)(q 1 ,p 1 ,q 2 ,P2,t;a ,a 1 ) + H D p) (<? 4 ,p 4 , <?3,£>3, t; a 4 , a> 3 ) 

(6) 3 2 3 2 Q 

Here qi,Pi,q2,P2,Q3,P3, and p 4 denote unknown complex variables, and a , ati, . . . , a 4 
are complex parameters satisfying the relation: 

(7) a + a\ + a 2 + a 3 + a 4 = 1. 

We remark that for this system we tried to seek its first integrals of polynomial type with 
respect to qi,pi, ■ ■ ■ ,<? 4 ,p 4 . However, we can not find. Of course, the Hamiltonian H (2) 
is not the first integral. 

(2) 

This is the second example which gave higher order Painleve type systems of type D§ . 

We also remark that 2-coupled Painleve III system in dimension four given in the paper 
[5] admits the afline Weyl group symmetry of type D\ as the group of its Backhand trans- 
formations, whose generators si, s%, S3 are determined by the invariant divisors. However, 
the transformations so,s 4 do not satisfy so (see Theorem 4.1 in [5]). 

On the other hand, the system (fl6l) admits the afline Weyl group symmetry of type 
as the group of its Backlund transformations, whose generators so, . . . , s 4 are determined 
by the invariant divisors ( 13. 2ft (see Section 3). 

We show that for each system, we give its symmetry and holomorphy conditions, re- 
spectively. These Backlund transformations of each system satisfy 

(8) Si (g) =g+ g} + - l-^j {f h {f u g}} + ■ ■ ■ (g E C(t)[q uPl , g 4 ,p 4 ]), 
where poisson bracket {, } satisfies the relations: 

{Ph Qi} = {P2, <?2} = fes, ^3} = {P4, ^4} = 1, the others are 0. 

Since these Backlund transformations have Lie theoretic origin, similarity reduction of a 
Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. 

These symmetries, holomorphy conditions and invariant divisors are new. 
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2. D?' SYSTEM 



In this paper, we study a 2-parameter family of coupled Painleve systems in dimension 

(2) 

four with affine Weyl group symmetry of type D% explicitly given by 



(9) 



dqi 
dt 

dpi 
dt 

dq 2 
dt 

dp2 
k dt 



dH 



D. 



(2) 



dpi 



2q\ + Ap x + 2t + Ap 2 , 



dH D (2) 

-- -iqtpx + 2q 2 p 2 - 2a , 



dqi 



dH D m 

— - q> - h>< - i/'i - -q.q>- 



dp 2 
dH 



D 



(2) 



dq 2 



-2q 2 p 2 + 2qip 2 - a x 



with the polynomial Hamiltonian (T5]). 

Theorem 2.1. This system ([9]) admits the affine Weyl group symmetry of type Dg as 
the group of its Backlund transformations, whose generators are explicitly given as follows: 
with the notation (*) := (fe,P2, t; czq, a\, a 2 ), 



( 4ao 2a q 2 
so : (*) -»• \ q\ + ~, ; — 2 ,Pi,q2,P 2 - ; — _a o, «i + 2a ,a 2 , 

r \ ( a l 

si : (*) — > gi,pi,g 2 H ,p 2 ,£;ao + ai,-ai,a 2 + ai 

(10) g 2 : (*) ->(gi+ , i q r-T— ^^T'Pi- 



4pi + 8p 2 + 4gig 2 - g| + 4* 4p x + 8p 2 + 4fcgj - g 2 + 4t 

16a 2 2 8ct 2 

,92 + 



(4px + 8p 2 + 4<m 2 - + 4t ) 2 4 Pi + 8 ^2 + 4gi g 2 - g£ + 4t ' 

2a 2 (2gi - g 2 ) , 

P2 - - — — : 2— -77, *; «o, ai + 2a 2 , -a 2 • 

4pi + 8p 2 + Aqxq-2 - q% + At 

Since these Backlund transformations have Lie theoretic origin, similarity reduction of 
a Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. 



Proposition 2.2. This system has the following invariant divisors: 



parameter's relation 


ft 


a = 


fo-.= Pi + q 4 


«i = 


fl ■= P2 


a 2 = 


■2 

f 2 ■= pi + 2p 2 + t + qiq 2 - -f 
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We note that when a\ = 0, we see that the system admits a particular solution 
P2 = 0. The system in the variables qi,p± and g 2 are given by 



' ^ = 2g? + 4 Pl + 2t, 
at 

= -4gipi - 2a , 

dt 

— = q 2 +Ap 1 - 2q 1 q 2 . 



This is a Riccati extension of the second Painleve system in the variables (oi,Pi). More- 
over, «o = 0, we see that the system ( JTT1) admits a particular solution pi = 0. The system 
in the variables q± and g 2 are given by 



(12) 



d<?2 2 

^=^2-2^2. 



This is a Riccati extension of Airy equation in the variable q\. 

When a 2 — 0, after we make the birational and symplectic transformations: 

q\ q\ q\ 

(13) x 2 = qi, U2=Pi + 2p2 + t + q x q 2 - — , £2 = <?2 - 2gi, w 2 = P2 + — ~ V 

we see that the system ([9]) admits a particular solution 1/2 = 0. 

Proposition 2.3. Let us define the following translation operators: 

(14) 7\ := S1S2S1S0, T 2 := SiS Q SiS 2 . 
These translation operators act on parameters oti as follows: 

Ti{a , a u a 2 ) =(a , oc u a 2 ) + (-1, 1, 0), 

(15) 

T 2 (a , a 1} a 2 ) = (a , «i, a 2 ) + (0, 1, -1). 

Theorem 2.4. Let us consider a polynomial Hamiltonian system with Hamiltonian 
H G C(t)[qi,pi,q 2 ,p 2 ]- We assume that 

(Al) deg(H) = 3 with respect to q%,Pi,q 2 ,p 2 - 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate 
system rj (i = 0,1,2) : 

1 ( ( , q *\ , ^ , ^2 

r :x = — , y = - + - 9i + «o <?i, ^0 = 92, ^o = P2 + -7—, 



92 

r 2 -x 2 = Jfe = - ( fpi + 2p 2 + t + qiq 2 - ^] qi + a 2 ) qi, 
z 2 = g2 - 2q u w 2 = p 2 + y - — ■ 
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Then such a system coincides with this system ([9]) with the polynomial Hamiltonian ([2]) . 

By this theorem, we can also recover the parameter's relation 
We note that the condition (A2) should be read that 

rj (K) (j = 0,l), r 2 {K-q x ) 

are polynomials with respect to x i: yi, Zi,Wi. 



3. Df 1 SYSTEM 



(2) 

We study a 4-parameter family of 2-coupled D% -systems in dimension eight with affine 



(2) 

Weyl group symmetry of type D§ } explicitly given by 



(16) 



dqi 
dt 

dpi 
dt 

dqi 
dt 

dp 2 
dt 

dq 3 
dt 

dp3 
dt 

dq4 
dt 

dpi 
I dt 



dH D (2) 

- 2q{ + Pl + 2t + 4p 2 + 3p 4 , 



dpi 
dH C 2) 

dqi 



-4qipi + 2q 2 p 2 - 2a , 



dH D (2) 

~ = g 2 - 4p 2 + k>\ - 2qm, 

dp 2 



dH D (2) 



dq 2 



dp 3 
dH D (2) 



dq 3 



dH 



D 



(2) 



dp 4 
dH (2) 

dqi 



= -2<? 2 £>2 + 2gijo 2 - ati, 
li - 4p 3 + 4f> 4 - 2<? 3 g 4 , 
= -2g 3 P3 + 2g 4 £>3 - 0(3, 
2ql+ P i + 2t + 3pi + Ap 3 , 
= -Aq A p A + 2q 3 p 3 - 2a A 



with the polynomial Hamiltonian ([6]) 



THEOREM 3.1. This system ( JIBl) admits extended affine Weyl group symmetry of type 

(2) 

D 5 as the group of its Bdcklund transformations, whose generators are explicitly given 
as follows: with the notation (*) := (q\,pi, . . . , (74, p 4 , , t; a , ot\, . . . , 014), 

so : (*) ~^{qi + : — 2 ,Pi,q2,P2 ~ ~. ; — 2 , q 3 ,P 3 , q*,P4, t; 

Api + q* Api + q* 

(17) - a ,«i + 2ao,«2, 03,^4), 

si :(*)—►( qi,Pi,q2 + — ,P2, q 3 ,P3, <?4,P4, *; «o + "l, a 2 + a i; a 3,« 4 ) , 

V / 



s 2 ■■ (*) + 
Pi - 



YUSUKE SASANO 

2a 2 



52 + 
P2 - 

g3 + 

P3 - 
Q4 + 

Pa ~ 



2pi + 4p 2 + 4p 3 + 2p 4 + 2qi q 2 - g 2 g 3 + 2g 3 g 4 + At ' 
2a 2 g 2 

2pi + 4p 2 + 4p 3 + 2p 4 + 2g x g 2 - <?2<?3 + 2g 3 g 4 + At 

4a| 

(2 Pl + 4p 2 + 4p 3 + 2p 4 + 2gig 2 - g 2 g 3 + 2g 3 g 4 + At) 2 ' 

4a 2 



2p\ + Ap 2 + Ap 3 + 2p A + 2gig 2 - g 2 g 3 + 2g 3 g 4 + At ' 

a 2 (2gi - g 3 ) 

2pi + Ap 2 + Ap 3 + 2p A + 2g x g 2 - g 2 g 3 + 2g 3 g 4 + At ' 

Ao2 

2pi + Ap 2 + Ap 3 + 2p A + 2gig 2 - g 2 g 3 + 2g 3 g 4 + At ' 

a 2 (2g 4 - g 2 ) 

2pi + Ap 2 + Ap 3 + 2p A + 2g x g 2 - g 2 g 3 + 2g 3 g 4 + At ' 

2a, 

2p\ + Ap 2 + Ap 3 + 2p A + 2q x q 2 - g 2 g 3 + 2g 3 g 4 + At ' 

2ct 2 g 3 

2p x + Ap 2 + Ap 3 + 2p 4 + 2gig 2 - g 2 g 3 + 2g 3 g 4 + At 

4of 

(2 Pl + Ap 2 + Ap 3 + 2p A + 2g x g 2 - g 2 g 3 + 2g 3 g 4 + At) 2 ' 

t; a , ai + a 2 , —a 2 , a 3 + a 2 , ct 4 ), 
s 3 : (*) -> (^qi,p 1 ,q 2 ,p 2 ,q 3 ,p 3 + ^-,q A ,p A ,t; a ,«i,a 2 + a 3 , -a 3 ,a A + a 3 J , 



^u: 4y3 -±«4 
s 4 : (*) ^(gi,pi,g 2 ,p 2 ,g 3 ,p 3 - — ; 2 ,g 4 ,p 4 + —3,*; 



2a 4 g 3 4a 4 

/i i — 2 ' ?4,P4 + -: — a 

4p 4 + g| 4p 4 + g^ 

a , «i, a 2 , a 3 + 2a 4 , — a 4 ), 
7r : (*) ^(g 4 ,p 4 ,g 3 ,p 3 ,g 2 ,p 2 ,gi,pi,t;a 4 ,a 3 ,a 2 ,ai,a )- 

Since these Backlund transformations have Lie theoretic origin, similarity reduction of 
a Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. 



Proposition 3.2. This system has the following invariant divisors: 



parameter's relation 


fi 


«o = 


/o:=Pi + f 


«i = 


/1 := P2 


a 2 = 


-f ._ ^ 1 P1+P4 1 ^ 1 + 1 91 92 1 9394 9293 
J2 •— P2+ 2 +P 3 + t+ 2 + 2 4 


"3 = 


/a := Ps 


a 4 = 


h-.= P4 + q 4 
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Proposition 3.3. Let us define the following translation operators: 
(18) T\ := S1S2S3S4S3S2S1S0, T 2 := S\TiSi, T 3 := s 2 T 2 s 2 , T 4 := S3T3S3. 
These translation operators act on parameters a; as follows: 

Ti(a , an, . . . , a A ) =(o£ , «i, • • • , 04) + (-2, 2, 0, 0, 0), 
T 2 (a , ai,..., a 4 ) = («o, ai,..., 04) + (0, -2, 2, 0, 0), 

(19) 

T 3 (a , cki, . . . , a 4 ) = (a , ai, . . . , a 4 ) + (0, 0, -2, 2, 0), 
T 4 (a , ai,..., 04) = (a , ai,..., a 4 ) + (0, 0, 0, -2, 2). 

Theorem 3.4. Let us consider a polynomial Hamiltonian system with Hamiltonian 
H E C(t)[qi,pi, . . . , g 4 ,p 4 ]. We assume that 

(Bl) deg(H) = 3 with respect to qi,pi, ■ ■ ■ , g 4 ,p 4 - 

(B2) This system becomes again a polynomial Hamiltonian system in each coordinate 
system (i = 0, 1, . . . , 4) : 

1 f f , <i\ \ , <?i92 



9i 



r :x = — , J/o = - P1 + 7 ?i + ao 9i, ^0 = 92, ^0 = P2 + 



^0 = 93, mo = P3, n>o = 94, u = p 4 , 

92 

/1 = g 3 , mi = pa, m = g 4 , «i = p 4 , 

92 .92 1 

r 2 :x 2 = 9i ~ 77 > 2/2 = Pi + -r, ^2 = — , 
2 4 g 2 

/Y , Pi +P4 , . , . 9i92 . 9394 9293 s . , 

^2 = - I I P2 + ~ + P3 + t + — + -g — ) 92 + «2 ) 92, 

, 92 , 9294 92 . 9293 92 

h = 93 - 92, m 2 = p 3 - — + —■, n 2 = q A - —, u 2 =p A + — —. 

93 

n 3 = g 4 , u 3 = P4, 

, . 9394 1 

r 4 :x 4 = 91, 2/4 = Pi, ^4 = 92, ^4 = P2, t4 = 93, m 4 = p 3 + -77-, n 4 = — , 

2 94 

u 4 = - ( (pi + ^\ g 4 + a 4 

T/ien such a system coincides with this system ffTB]) t/ie polynomial Hamiltonian 

By this theorem, we can also recover the parameter's relation ([7]). 
We note that the condition (B2) should be read that 

r 3 (K) (j = 0,1,3,4), r 2 (K-g 2 ) 

are polynomials with respect to Xi,i/i, z^w^l^m^n^Ui. 
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